Choice number of 3-colorable elementary graphs  by Gravier, Sylvain & Maffray, Frédéric
DlSCRETE 
MATHEMATICS 
ELSEVIER Discrete Mathematics 1651166 (1997) 353--358 
Choice number of 3-colorable elementary graphs 
Sylvain Gravier a, Frkdiric Maffray b,* 
“LSDZ-IMAG, BP 53. 38041 Grenoble Crdex 9. Frawe 
bCNRS, LSD2-IMAG, BP 53, 38041 Grenoble Cede-x 9. Frunce 
Abstract 
We show that the choice number of a graph G is equal to its chromatic number when 
G belongs to a restricted class of claw-free graphs, in view of the conjecture that this is true 
for every claw-free graph. 
We consider only finite, undirected graphs, without loops. Given a graph G = ( V, E), 
a k-coloring of the vertices of G is a mapping c : V + { 1,2,. . , k} such that for every 
edge my of G we have c(x) # c(y). The graph G is called k-colorable if it admits 
a k-coloring, and x(G) denotes the smallest of all integers k such that G is k-colorable. 
ErdGs et al. [2] introduced a variant of the coloring problem as follows. Suppose 
that each vertex u is assigned a list L(V) of possible colors; we then want to find a 
vertex-coloring c such that c(v) t L(u) for all 2: E V. When such a c exists we will 
say that the graph G is L-colorable; we may also say that c is an L-coloring of G. 
Given an integer k, the graph G is called k-choosahle if it is L-colorable for every 
assignment L that satisfies IL(v)l = k for all v E V. Finally, the choice number or list- 
chromatic number Ch(G) of G is the smallest k such that G is k-choosable. Clearly 
every k-choosable graph is k-colorable (consider the assignment L(V) = { 1,2.. , k} 
for all ZJ E V), and so 
holds for every graph. We would like to call this the choice chromatic inequality. 
The converse inequality however is not true; in fact there exist bipartite graphs with 
arbitrarily high choice number. 
When coloring the edges of a graph rather than the vertices, the above notions are 
extended in the obvious way. The least number of colors necessary to color all edges 
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of a graph with no two incident edges receiving the same color is its chromatic index 
x’(G). The least k such that G is L’-edge-colorable for any assignment L’ of colors 
to the edges with IL’(e)/ = k for all eEE is called the choice index or list-chromatic 
index of G. A famous conjecture, attributed in particular to Vizing (see [5]), is: 
Conjecture 1 (List chromatic conjecture). Every graph G satisfies Ch’(G) = x’(G). 
The specialized case of this conjecture dealing with complete bipartite graphs was 
known as the Dinitz conjecture, as it was equivalent to a problem on Latin squares 
posed by Jeffrey Dinitz. This is now a consequence of the following more general 
result due to Galvin [3]. 
Theorem 1 (Galvin [3]). Every bipartite graph G satisfies Ch’(G) = x’(G) 
The problem of edge-coloring can be reduced to a special instance of the problem of 
vertex-coloring via the line-graph. Recall that given a graph H, its line-graph 9(H) 
is the graph whose vertices are the edges of H and whose edges are the pairs of 
incident edges of H. It is clear that x(Z(H))=f(H) and Ch(Z(H))=Ch’(H). Now 
a reformulation of the above theorem is that the choice number of the line-graph of any 
bipartite graph is equal to its chromatic number, and a reformulation of Conjecture 1 
is that every line-graph should satisfy the choice chromatic equality. 
The bipartite graph K~,J is usually called the claw, and any graph that does not 
contain an induced claw is called claw-free. It is easy to see that every line-graph 
is claw-free. Previously the choice chromatic equality was established for a couple 
of restricted classes of claw-free graphs, in particular for complements of triangle- 
free graphs [4]. Here we are concerned with the class of claw-free graphs known as 
elementary graphs, defined by Chvkal and Sbihi [l]. A graph is called elementary if 
its edges can be colored with two colors such that every P3 (chordless path on three 
vertices) has its two edges colored differently. Clearly elementary graphs are claw-free. 
The structure of elementary graphs was determined in [6] as follows. An edge is called 
Jat if it does not lie in a triangle. Let my be a flat edge of a graph G and (X, Y;F) 
a cobipartite graph disjoint from G, where X, Y are disjoint non-empty cliques and there 
exists at least one edge from X to Y. We can obtain a new graph from G U (X, Y;F) 
by removing x and y and adding all the edges between X and N(x) - y and all edges 
between Y and N(y)-x. This is called augmenting the flat edge xy with the cobipartite 
graph (X, Y; F) (see Fig. 1). More generally, consider h pairwise non-incident flat edges 
ei,. . . ,eh of G and h co-bipartite graphs (xi, Yl; El), . . . ,(&, Yh;&) that are mutually 
disjoint and disjoint from G, such that X;:, K are two disjoint non-empty cliques, and 
there exists at least one edge from Xi to K. We can augment simultaneously the edges 
ei, . . . . eh with (Xl,Yl;El),...,(Xh,Yh;Eh), respectively. Since these h edges are non- 
incident, the graph that results from these augmentations is the same regardless of the 
order in which they are performed, and is called an augmentation of G. The cobipartite 
graphs (Xi, K; Ei) are called the augments. 
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Fig. I. 
Theorem 2 (Maffray [6]). A graph G is elementary if and only if it is an augmen- 
tation of the line-graph H of a bipartite multigraph B. Moreover, one may assume 
that (a) each vertex of Xi has a neighbor in Yi and vice versa, and (b) X, U Y, is not 
a clique. 
The graph H = P?(B) in this theorem is called the skeleton of G. 
Our theorem is: 
Theorem 3. Let G be an elementary graph with w(G) ~3. Then Ch(G) = 
x(G)=w(G). 
Proof. The fact w(G) = x(G) is already known to hold true (all elementary graphs 
are ‘perfect’, see [ 11). If w(G) = 1 the desired result is trivial. If w(G) = 2 then since 
G is claw-free it is a union of disjoint even chordless cycles and paths and again the 
result is easy. From now on we assume that w(G) = 3 and that the structure of G 
is as described in Theorem 2. We also assume without loss of generality that G is 
connected. We prove that G is 3-choosable by induction on h. Let L be an assignment 
on V(G) with IL(v)1 = 3 for all v E V. If h = 0 then G is a line graph of bipartite 
and the result is true by Theorem 1. So let us assume h 3 1 and consider the pair 
&, Yh. Since o(G) = 3 we have lxhl d 3 and 1 Yh/ <3. Then conditions (a) and (b) in 
Theorem 2 imply either (Case 1) lxhl = 3 and I Yh I = 3, or (Case 2) ]xhl = 3 and 
IYhl = 2, or (Case 3) ]xhl = IYhl = 2. We remark that whenever & (resp. Yh) has 
size three then N(&) = Yh; indeed, by the definition of augmentation, any vertex in 
N(& ) - Yh is adjacent to all of & and would then lie in a clique of size four. 
In Case 1, by the remark & U Yh = V(G). Hence G is a complement of bipartite 
graph and Ch(G) = w(G) as proved in [4]. 
In Case 2, the remark implies N(&) = Yh; similary, IN( Yh) -& < 1. Let us write 
& = {zf, v, w} and Yh = {y,z}. In fact, conditions (a) and (b) imply that xh U Yh has 
exactly two non-edges and they are not incident - say vz and yw are the non-edges 
in xh U Yh. We assume N(Yh) -& # 0, or else again V(G) = &, U Yh and G is a 
complement of bipartite graph. Write N(Yh) -&, = {a}. Note that G - (& U Yh) 
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is obtained from H - {xh, yh} by augmenting the h - 1 edges xiyi, . ,x~_IJJ~_~. 
By the induction hypothesis, there exists an L-coloring c of G - (xk U Yh). We claim 
that this can be extended to an L-coloring of G. If L(u) and L(z) - {c(u)} contain 
a common element a, we assign the color cx to v and z; then there exists 
a color c(y) in L(y) - {cx, c(a)}, there exists a color c(u) in L(u) - {a, c(y)}, and there 
exists a color c(w) in L(w)- {E,c(zA)}. Clearly c is an L-coloring of G. The same argu- 
ment works if (L(y)- {c(a)})nL(w) # 0. Finally suppose that _L(v)nL(z)- {c(u)} = 0 
and L(w) n L(y) - {c(a)} = 0. It follows easily that, for q = 1,. . .,5, the union of 
any q sets among the five sets L(u),L(v),L(w),L(y) - {c(a)},L(z) - {c(u)} has size 
at least q; hence Hall’s Distinct Representatives Theorem implies that we can choose 
a different color in each of these five sets, and we are done. 
In Case 3, write & = {u, a} and Yj = { y,z}. Under condition (b) we may assume 
that uz is not an edge, then by (a) uy and vz are edges. In addition we may assume 
that vy is an edge. Now we can assume N(Xh) - Yk # 0 and N(Yh) -Xj # 0 or 
else we are in a subcase of Case 2 (with one less vertex). Write N(&) - Yk = {b} 
and N(Yk) -& = {u}. Let G’ be the graph G - (& U Yj,) + ub. Note that G’ is an 
elementary graph obtained from H’ by augmenting along the edges xi yi, . , xk_ 1 yk_ 1, 
where H’ = H - {xk, yk} + ub (it is easy to check that H’ is the line-graph of a 
bipartite graph B’ since Xh,yh have degree two in H). By the induction hypothesis 
there exists an L-coloring c’ of G’. Let (x and fl, respectively, be the colors of a and 
b in this coloring. Obviously CI # j3. Write L’(u) = L(u) - {p}, L’(a) = L(u) - {B}, 
and L’(y) = L(y) - {a}, L’(z) = L(z) - {a}. Note that c’ is also an L-coloring of 
G - (xk U Y - h). We would like to extend c’ to an L-coloring of G, i.e., find an 
L’-coloring of & U Yk; however, it turns out that this is not always possible, but only 
for the following reason. 
Claim 1. & U Yh is not L’-colorable if and only if either L’(u) = L’(u) = L’(y) and 
these sets are of size two, or L’(u) = L’(y) = L’(z) and these sets are of size two. 
Proof. It is clear that if & U Yk is L’-colorable the three lists on any of the tri- 
angles (4 4 Y}, {u, Y,Z} cannot be all equal and of size two. Now let us prove the 
converse. Firstly, if L’(U) n L’(z) = 0 then it is a routine matter to check that for 
every q = l,..., 4, the union of any q lists among L’(U), L’(v), L’(y), L’(z) has size at 
least q, hence by Hall’s theorem we can choose one different color in each list and we 
are done. Secondly, if L’(u) = L’(y) then assign to each of v and y one of the two 
colors in L’(v); by assumption there exists a color in L’(u) - L’(v), which we assign 
to u, and there exists a color in L’(z) -L’(u), which we assign to z. Finally, if L’(u) 
and L’(z) have a common color y and L’(u) # L’(y), then there exists a color 6 in 
L’(u) - (~1 d an a color ye in L’(y) - {y} with 6 # v; by assigning these three colors 
to the corresponding vertices we are done. The proof of the claim is complete. 0 
By Claim 1, we cannot find an L-coloring of G only if either (i) L(u) = L(v) 
= { 1,2, p} and L(y) = { 1,2, CX} for some colors 1,2 different from c(, p, or (ii) a similar 
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situation takes place for L(V) and L(y) = L(z). W e suppose by symmetry that (i) takes 
place. We claim that 
there exists an L-coloring c of G-(_& U Yh) with c(a) # a or c(b) # fl. (1) 
If (1) holds, then it follows easily that either IL(y)-{c(a)}1 = 3 or IL(c) - {c(b)}1 = 3 
or L(y) - {c(a)} # L(V) - {c(b)}. Th ere ore, f by Claim 1, we can extend c to an 
L-coloring of G. 
Now we prove (1). Let G” be the graph obtained from G-(X, U Yh) by adding artifi- 
cial vertices al,az,as,b1,b2,bs and artificial edges aal,aa2,a1a2,ala3,u2a3, 
bb,, bb2,bl bl, 6, b3, b2b3, and a363 (see Fig. 2). This is an elementary graph obtained 
from H” by augmenting the h - 1 edges _yl~q,. . , xk_ 1 yh_ 1, where H” is obtained from 
H by replacing the edge ab with the same artifical vertices and edges. (It is easy to 
see that H” is the line-graph of the bipartite graph B” obtained from B’ by ‘splitting’ 
the edges CI, b of B’ and adding between them a path of length three whose initial 
and terminal edges have multiplicity two.) We make lists L(al) = L(Q) = { 1,2.x}, 
L(bl) = L(b2) = (1,2,8}, L(q) = L(b3) = {1,2,p} for some new color p. By the 
induction hypothesis on h, the graph G” admits an L-coloring c. Observe that c(u ) = z 
would imply (via a],~) c(4) = ~1, and similarly c(b) = fl would imply c(b3 ) = ,H, 
hence both cannot happen simultaneously. This proves (1) and completes the proof of 
the theorem. C 
In conclusion, we would like to propose the following conjecture. 
Conjecture 2. Every claw-free graph G satisfies Ch(G) = x(G). 
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